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Field-based design of a resonant
dielectric antenna for coherent
spin-photon interfaces: supplemental
document

This document provides supplementary information for “Field-based design of a resonant di-
electric antenna for coherent spin-photon interfaces.” We present the transition from far field to
near field and illustrate the transfer matrix model for estimating the near field of the dielectric
perturbation. We also show the optimization process such as curving the mirror to better match
the phase front of the dipole source. Finally, we provide the antenna parameters of our final
designs.

1. TRANSITION FROM FAR FIELD TO NEAR FIELD

We calculate the far-field distribution for a given near-field distribution H(x,y) and E(x,y) on
the surface S (Fig. S1). In the color plot of Fig. S1(b-g), we normalized all the field component
distributions by their maximum absolute value.
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Fig. S1. (a) The near field at the point P(x,y,0) on the surface S and far field at the
point O(r,,6,¢). (b) Normalized target far field |€iar| = |Etar(6,¢)|/ max(|Ewar(6,9)]).
(c-g) Normalized target near field |entar| = \Entar(x,y)|/max(\Emar(x,y)D, target elec-
tric near-field x-component |ex| = |Ex(x,y)|/ max(|Ex(x,y)|), target electric near-field
y-component |ey,| = |Ey(x,y)|/ max(|E,(x,y)|), target magnetic near-field x-component
|| = |Hx(x,y)|/ max(|Hy(x,y)|), and target magnetic near-field y-component |h,| =
|Hy(x,y)|/ max(|Hy(x,y)|), respectively.

The equivalent sources in the plane S can be expressed with the surface electric current J; =
ix H= —XHy + ijHy and surface magnetic current Ms = —ii xE = XEy — yEx [1]. Here7i = Z
are unit vectors that are perpendicular to the surface. E and H = B/ are the electric and
magnetic fields, respectively. The 2D Fourier transformation (FT5) of the field f(x,y) is

FTo(f(x) = [ [ dxdyf(ay)eleaio), (51)

where ky = ksinfcos¢,k, = ksinfsing, k = 27”, and A is the free space wavelength. The
radiation vectors N and L are expressed with the 2D Fourier transform of the surface current Js



and MS ,
N = / T kX ki ds = FT,(J), (S2)
JS
7— /SMsei(k*x+kyy>dS _ FTZ(MS)- (S3)

Here (x,y,0) are the coordinates of the point P in the plane S. In homogeneous isotropic media,
the retarded potential A and the second retarded potential F are

. . ]"Sefikr _eikrn .

A= = 4
0 M dS = po I, N, (S4)

. Mse—ikr 7eikrn .

F= €0 s anr ds = N 47‘(7’0 L, (55)

where r is the distance between the surface element dS and the point O, and 7, is the distance
between the origin (0,0,0) and the point O. The derivation here follows that in the reference [1].

The monochromatic far field can be expressed in terms of retarded potentials as E=—iwA—
%V(V CA) - %V x E, H = —iwF — ’k—‘*z’ (V-F) - %V x A. Here w is the angular frequency,
gg is the permittivity of vacuum, and g is the magnetic permeability in vacuum. Under the
assumption that all terms in the fields decaying faster than 1/r, can be neglected, the electric
field components at an arbitrary point O are Eg = nHp = —i% (#Np + Lg) and Ey = —yyHy =

. E—ikr“

%y, (=1Ng + L), where np =/ ’:—g and (7., 60, ¢) represent the coordinates of the point O in the

spherical coordinate system. The 6 and ¢ components of the radiation vector Nand I are

Np = (Nycos ¢ + Ny sin¢) cos = —FT>(H, ) cos ¥, (S6)
Ny = —Nysin¢ + Ny cos ¢ = FTZ(HH), (S7)

Ly = (Lxycos¢ + Lysingp) cos® = FT>(E ) cosf, (S8)
L‘P = (7LxCOS¢+LySin(P) = 7PT2(EH), (59)

where Ny = —FT>(Hy), Ny = FT5(Hy), Ly = FT>(Ey), and L, = —FT,(Ey) . The field relations
are

E” = Excos¢ + Eysing, (510)
H| = Hycos¢ + Hysing, (S11)
E| = —Eysing + Eycos¢, (512)
H| = —Hysin¢ + Hy cos ¢. (513)
Thus, we can find the relations
NNy + Ly = —FTz(?]HJ_)COSG—FTz(EH), (S14)
— NNy +Lg = 7FT2(77H”)*FT2(EJ_)COSG. (S15)

For a plane wave propagating with polar angle 6, it follows that 7H, cosf = E| and nH| =
—E | cos 6. Then we have

FTp(yHy) = FT2(nH)) cos ¢ — FTp(17H ) sin¢, (Sle)
FTy(yHy) = FTy(yH;) sing + FT>(yH, ) cos ¢, (S17)
FTy(Ex) = FTo(E|) cos¢ — FTo(E, ) sin ¢, (S18)
FTy(Ey) = FTo(E|) sing + FTy(E_ ) cos ¢. (S19)

We can recover Hy, Hy, Ex, and E, once we know the target near field Eg and E, using the
following equations:

FTy(yHx) = FTx(nH) cos ¢ — FTo(7H, ) sing = —iAroeik’U(—Eq) cos — Egsing/ cos @), (520)



FTy(yHy) = FTo(nH)) sing + FT2(7H, ) cos ¢ = —iAryefr (—Epsing + Egcos¢/ cosB), (S21)
FTy(Ey) = FTy(E|) cos ¢ — FT(E_ ) sing = —iAroe™™ (Eg cos ¢ — Eg sin¢p/ cos6),  (S22)
FTy(Ey) = FTy(E) sing + FT(E ) cos ¢ = —iArye™ (Egsing + Egcos ¢/ cosf).  (S23)

For a target far field Eor(6,9) = E,(6,9)7 + Eg(6, )0 + Ey (6, ¢)@ in spherical coordinates, we
can obtain the H | ,E |, H I and EH using the inverse Fourier transform and then obtain Hy, Hy, Ey,
and E, as the target near field. For a target polarized paraxial Gaussian field Ewar(6,¢9) =
Egexp(— tan?0/0.42) = Egexp(— tan?0/0.42) x (sin@sin ¢ 7 + cos 0 sin ¢ 6 + cos ¢ ¢), we have

E.(8,9) = nHy(6,¢) = EgsinOsin¢ - exp(— tan?0/0.4%), (S24)
Eg(6,¢) = nHy(6,¢) = EgcosBsing - exp(— tan®0/0.4%), (S25)
Ey(0,¢) = —nHy(0,¢) = Egcos¢ - exp(— tan® 0/0.4%), (S26)

where Ej is the target field amplitude. We show an example of such a target far field Ewar(6,9)
to calculate the related target near field Entar(x,y) with x and y components in Fig. S1(b-g).

We notice that max(|Ey(x,y)|)/ max(|Ex(x,y)|) = 190 in the calculation. As a result, |Ey(x,y)]
and |Hy(x,y)| will be the primary components in the target near field for such a target far field
Etar(6, ¢) = Egexp(—tan26/0.42)7.

2. TRANSFER MATRIX MODEL

To test the mode overlap between the antenna far field and target far field, we need to do 3D
FDTD simulations as shown in the main text. When the target far field has a Gaussian distribution
and is polarized in the y direction, we know the target near field will have the primary electric
field component of E, and the primary magnetic field component of Hy with circular symmetric
amplitude. As a result, we can simplify the model using 2D FDTD simulation in x-z plane and
attempt to match the near field along the x-axis, Entar(x, zg) = Ey(x,z0)ij, where z; is the near

field monitor z coordinate. Then, we can match the far-field distribution of Etar(9, 0). Here, we
use a transfer matrix model (TMM) to predict the antenna near field. The TMM uses a scalar
approximation (the electric field only has a y component) and single-mode approximation, (the
field distribution immediately after transmission or reflection is identical to the incident slab mode
distribution). The TMM provides a good initial design to increase the mode overlap between
the antenna near field and target near field in 3D FDTD simulations [2]. The recipe for using the
transfer matrix model to predict the antenna near field with slot scattering layers is:
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Fig. S2. (a) The single-slot model setting in the x-z cross-section. The center of a diamond slab
with H = 150 nm thickness is located at z = 0 um. The center of the air slot with width w is
located at x = 0 um in the slab. The slab mode complex input field amplitude E™ is recorded at
(1), the complex reflected field amplitude E~ at (2), the complex transmitted field amplitude E'*
at (3), and the complex scattered field amplitude E; at (4). (b) The multi-slot model showing the
effect of cascading many slots. The i slot with width w; and location x; will have complex input
and output fields amplitude from left side (E;", E;”) and right side (E/*, E!~) in the slab. Every
slot (i = 1,2,...) has the complex scattering near fields amplitude Eg;(x — x;, zg, w;).



1. Calculate the fundamental TE slab (y-polarized) mode propagating in +x direction to know
the effective wave vector kegs without a slot. The slab should be thin enough to support only a
single mode in the z direction.

2. Calculate the transmission coefficient {(w) and reflection coefficient r(w) of different slot
widths w.

3. Calculate the scattering near field for a single slot, which has a center located at x = 0 ym.
Repeat the calculation with different slot widths w, and to obtain a lookup table of scattering near
fields Es(x, zg, w), Hs(x, zg, w).

4. For a slot array design with n slots, each slot has a location x; and width w; (i = 1,2, ..., n).
We can obtain the transfer matrix T; [defined in Eq. S29] from x; and w; that connects the fields’
y-component on either side of the slot (Ef, E;, El&, and E;’) as illustrated in Fig. S2(a). The
propagation of the slab mode between neighboring slots i and i 4 1 is described by the propagation
matrix @;, which is defined in Eq. S30.

5. By coherently adding the scattered fields from all the slots, we obtain the antenna near-field
distribution Epear (x,zp).

Let us consider each step in the recipe in more details: In step 1, we determine the fundamental
TE slab mode Ey(xs — w/2,z)¥j at monitor (1) without a slot as illustrated in Fig. S2(a). The slab
mode is given by E(x,z)i = Eg exp (ikegx) f (z)¥, where f(z) is a dimensionless field distribution
along the z direction. For a slot width w in step 2, we obtain the complex input field amplitude
Et = Egexplikegs(—xs)] using the parameters in step 1. The complex reflection field amplitude
is E- = Erexpl[ikeg(xg — w/2)] using the data at monitor (2). The complex transmission field
amplitude is E'" = E; exp|—ikeg (xo — w/2)] using the data at monitor (3). Then, we calculate
the transmission coefficient t(w) = E'* /E™ and the reflection coefficient r(w) = E~ /E™.

In step 3, we obtain Es(x, zg)¥ from the near-field monitor (4) when the input field is propagat-
ing from left to right. The location of the source in the FDTD simulation is adjusted for each slot
width such that ET(—w/2,0)7 is the same in all the simulations. We note that the scattering near
field is asymmetric and is thus given by Es(—x, zg)¥ for an input mode propagating from right to
left.
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Fig. S3. Simulation setting for the holes model. The center of a diamond slab with H = 150 nm
thickness is located at z = 0 ym. The center of the air holes with diameter 4 is located at x = 0 ym
in the slab. A periodic condition exists in y direction with the periodic length L. Here, four
monitors ((1), (2), (3), (4)) record the fundamental TE slab mode input, reflection, transmission,
and scattering near field, respectively.

In step 4, we build the equation for linking the input and output field y-component from the
left side (El.*, E;) and right side (El’.+, Ef) for the ith slot in the slab. Since the transmission
coefficient and reflection coefficient will remain the same when considering the left to right
transmission and right to left transmission, the equations are



El* = t(w;)E" +r(w;)E!", (527)
E; = r(w)Ef + t(w))E,", (528)
(w:)
ENL BT |y e Ei*
E- =T E- T () H(wi)?—r(w;)? E- / (529)
i i t(w;) t(w;) i
Ef| o Efy | [exp(—ikes(xip1 — xi)) 0 Efyy (830)
= @, = .
EI” E, 0 exp (ikeft(xit1 — xi)) | |Ejq

Here, we have a boundary condition at the nt" slot that E/,” = 0 indicating there is no source
input outside the slab. Then we can express all the fields in terms of Ej,".

In step 5, the contribution to the near field from the i" slot will be E,; = (E;" /E,")Es(x —
xi,20) + (E} /EF)Es(—x — xj,20) + E.~ /E;P)Es(x — x4, 20) + (E}~ /E;")Es(—x — x;,z0). The to-
tal contribution from all the slots to the near field can be written as

n

E:near(xr zp) = 2 Egi. (S31)
i=1

The core code for the transfer matrix model is also uploaded on Github: https://github.com/
LinsenLi97/Field-based-design. For a design using holes rather than slots, a similar TMM recipe is
used. The ith layer of holes is placed at x;, with hole diameter d; and separation L;(i = 1,2, ..., n).
The hole separation L will be the same as the periodic length in the y direction of the 3D FDTD
simulation illustrated in Fig. S3. Here, we define the hole diameter-to-distance ratio p = d/L.
As with the slots, we use FDTD simulations with a single scatter layer to obtain a lookup table
of the transmission coefficient #(d, p), the reflection coefficient r(d, p), and the scattering near
field y-component E,(x,zg), Hs(x, z9) for different values of the parameters d and p. Since the
slot design lookup table will only relate to the slot width w, the holes design has an additional
degree of freedom to tune the results.
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Fig. S4. (a) Comparison between the normalized target near field |€ntar| (cyan) and the normalized
near field |énear| calculated using the TMM (red) or a 2D FDTD simulation (blue). (b) Plots of the
phase, arg(enear - i), of each field in (a). (c) The x-z cross-section of the diamond slab with the
normalized electric field Re(Ey(x,z))/ max(|Ey(x, z)|) overlaid; the black line shows the edge of
the dielectric material.

In the TMM, we calculate the power transmitted in both the x and z direction

P, = /jo [Re[Ex(x,z0) Hy (x, z0) — Ey(x,20) Hy (x, z9)] dx, (S32)

X0 y



P, = /ZO [Re[Ey(erO)H;(x,ZO) — EZ(erO)H*(x,Zo)]dZ, (833)

Y
—z
As a result, we know P; and Py in the TMM and calculate the z direction power ratio,
— PZ
T P+ P

The 1D mode overlap x;p between the antenna near field Enear(x) and the target near field
l:fntar(x) is

T, (534)

Xo
K1p = | Cnear * en*tardx|/ (S35)
—xp

- . . . . e X, = N
where Zpear is the normalized antenna near field that satisfies [ 72{0 \enear\zdx = T,. Chear =

Cnearﬁnear(x), where Cpear is a normalization factor. éntar is the normalized target near field that
satisfies ffgco |Batar|2dx = 1. Entar = Cntarﬁntar(x), where Char is a normalization factor. Fig. S4
shows a comparison of the antenna near field énear calculated with both TMM and a 2D FDTD
simulation. The overlap «1p is 99.2% using the TMM with the antenna structure in Fig. S4(c),
while k1p = 99.0% using the 2D FDTD simulation. Though the phase, arg(Zpear - 7), is not
matching well for x > 1.5 ym, the overlap remains large since the amplitude is small in that
region.

3. MIRROR CURVING

We start with a y-polarized dipole in an unpatterned slab and obtain the electric field distribution
Ey(x,y)y. Then, we add dielectric perturbations that follow the phase fronts of the dipole
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Fig. S5. (a) arg(Ey(x,y)) distribution and the same phase front perturbation layer predicted with
the curved model. (b) The 0ppase Of the perturbation layer at different x; predicted by the curved
model (solid blue line with left y-axis), the oppase of the circle model at different x; (dashed blue
line with left y-axis), the fitting of a; with different x; (solid red line with right y-axis). The inset
shows the use of the arc whose center is not at origin to fit the same phase front region.

field arg(Ey(x,y)) as illustrated in Fig. S5(a). Thus the mode will normally incident on each
perturbation layer. Here, we apply the curved model to fit the phase front by using an arc whose
center is not at the origin as shown in the inset of Fig. S5(b). The center of the arc is located
at (x,y) = (—a;x;,0) and the arc radius is (1 + a;)x;, where a; is the fitting curvature for the

perturbation layer located at x = x;. We use the standard deviation oppase = % Z]N: 1(¢j — $)?

to evaluate the error of the predicted same phase front region in Fig. S5(b), where ¢ = % Z}V: 19j
and ¢; = arg(Ey(x;,y;)) is the phase at the discrete sampling points (x;,y;) on the fitting arc
(j = 1,.., N). The fitting parameter 4; is the optimized curvature by minimizing oppase for the
perturbation layer located at x = x;. Compared with the simple circle model where the center of
the arc is located at the origin (0,0), the curved model has several times smaller Ophase- The Ophase
will be larger for the perturbation layer closer to the dipole source. But using the curved model,



the ppase at x; = 0.5 pm can be 0.3°, which means only 0.5 nm standard deviation for the same
phase location with a 637 nm dipole source wavelength. The curved model is ten times better
than the simple circle model in 0ppase When x; < 0.5 pm. The curvature of the perturbation layer
can be easily changed with a different a; for various locations x;. It will also be easy to place the
holes array with the same separation of holes on the arc, which is considered as the same phase
front region with negligible 0ppage-

4. ANTENNA DESIGN FOR GAAS QUANTUM DOT

Besides designing the antenna for diamond color centers, we can also start the antenna design
with other dielectric membranes. Here, we show the simulation results for the antenna design for
a GaAs quantum dot as shown in Fig. 56. Bullseye antennas have been fabricated for the quantum
dot in the GaAs membrane with a SiOp / Au bottom reflection layer [3]. A collection efficiency
of 90% was obtained within a NA = 0.65 and a Purcell factor of 20 in the GaAs antenna design.
In our design, we achieve a Purcell Factor of 316 while the mode overlap with the NA = 0.4
Gaussian far field mode is 93%, corresponding to the 87% spin-photon interface efficiency 7
(collection efficiency 93% within NA = 0.65). The detailed parameters for the antenna are shown
in Table S3. The resonant wavelength can be tuned by scaling all the dimensions of the antenna
structure as shown in Fig. S6(c). This can be used for designing different antenna structures
for the quantum dots with various wavelengths. The direct scaling will not reduce # more than
15%. We can redo the optimization to make the efficiency higher for a specific quantum dot
wavelength.
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Fig. S6. (a) Illustration of the GaAs dielectric antenna structure, along with a plot of loglo(\éfar|2)
showing the far-field distribution. (b) Purcell factor spectrum of the antenna structure. The inset
is a linear-scale plot of Re(E; )/ max(|Ey|) corresponding to the black square region in (a). (c) The
antenna resonance wavelength A and efficiency 7 as a function of the changes in scaling factor of
the whole antenna structure.

5. SIMULATION PARAMETERS AND OPTIMIZATION

The optimization is done using the commercially available software Lumerical with a user-defined
gradient descent algorithm. The optimized parameters for the antenna structure in the main text
are given in Table S1 and Table S2. In the parameter table, a; is the fitting curvature of the first
perturbation layer closest to the central dipole source and a5 is the fitting curvature of the next
perturbation layer. The following perturbation layer curvatures a(x) are determined by their
locations a(x) = %2, For the holey antenna, 4N is the number of holes in each perturbation
layer.
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Table S1. Diamond slot antenna design. (F, = 154, 72 = 0.90 — nny = 0.74; 775,y = 0.89)

Global Slot Location Slot Width

X0 5 um X1 0.369 ym w1 41 nm
Yo 5 ym X2 0.560 pm wy 41 nm
H 150 nm X3 0.771 ym w3 66 nm
Z0 1 pm X4 0.993 ym Wy 89 nm
Zmin 330 nm X5 1.204 ym ws 92 nm
M 1.12 X6 1.439 ym We 96 nm
ap 1.08 X7 1.640 ym wy 58 nm
theta 75° Xg 1.808 ym wg 50 nm
X9 1.975 ym (2 55 nm

X10 2.312 ym w1 48 nm

X11 2.631 ym w11 58 nm

X12 2.939 ym w1 60 nm

X13 3.268 ym w13 90 nm

X14 3.611 ym W14 73 nm

X15 3.928 ym w15 93 nm

X16 4.294 ym W1e 111 nm

X17 4.663 ym wyy 120 nm

Table S2. Diamond holey antenna design. (F, = 420, 77 = 0.87 — v = 0.81 ; 175, = 0.86)

Global Holes Location Holes Diameter N

X0 5 um X1 0.392 ym d1 70nm | ng 5
Yo 5um Xo 0.564 ym do 80 nm ny 6
H 150 nm X3 0.776 ym ds 110nm | n3 8
Zp 1 um X4 0.999 ym dy 160nm | ngy | 8
Zmin 335 nm X5 1.211 ym ds 150nm | ns | 10
ay 1.16 X6 1.448 ym dg 140nm | ng | 12
a 1.08 Xy 1.650 ym dy 100nm | ny | 17
theta 90° Xg 1.819 ym dg 80 nm ng | 18
X9 1.988 ym Wy 80 nm ng | 19

X10 2.327 ym d1o 70nm | ny | 20

X1 2.647 ym dn 130 nm | nyqp | 22

X12 2.958 ym dio 140 nm | nyp | 23

X13 3.289 ym di3 160nm | ny3 | 24

X14 3.634 ym dia 160nm | ny4 | 25

X15 3.953 ym dis 160nm | ny5 | 26

X16 4.320 ym d1g 160nm | nyg | 28

X17 4.692 ym diy 140 nm | ny7 | 29




Table S3. GaAs holey antenna design. (F, = 316, 17, = 0.87 — 7,45 = 0.87)

Global Holes Location Holes Diameter N

X0 5 um X1 0.402 ym dq 77nm | ng 5
Yo 5 pum X 0.557 ym dp 72 nm 1y 6
H 150 nm X3 0.795 ym ds 126 nm | n3 8
Z0 1 um X4 0.998 ym dy 135nm | ny 8
Zmin 370 nm X5 1.214 ym ds 144nm | ns | 10
a 1.16 Xe 1.452 ym dg 126 nm | ng | 12
ap 1.08 Xy 1.654 ym dy 90 nm ny | 17
theta 90° xg 1.823 ym dg 72nm | ng | 18
X9 1.992 ym Wg 72nm | ng | 19

X10 2.332 ym d1o 63nm | nyg | 20

xX11 2.654 ym dip 117nm | nyp | 22

X12 2.965 ym din 126 nm | nyp | 23

X13 3.297 ym di3 144nm | ny3 | 24

X14 3.643 ym dig 144nm | nyy | 25

X15 3.963 ym d1s 144 nm | ny5 | 26

X16 4.331 ym dig 144 nm | nyg | 28

X17 4.704 ym di7 126 nm | ny7 | 29
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