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Abstract—Many real systems are hybrid networks which
include infrastructure nodes in multi-hop wireless networks,
such as sinks in sensor networks and mesh routers in mesh
networks. However, we have very little understanding of network
connectivity in such networks. Therefore, in this paper, we
consider hybrid networks denoted by H(α, β) with ad hoc nodes
and base stations and prove how base stations can improve
the connectivity of ad hoc nodes in subcritical phase, that is,
the ad hoc node density, λα is lower than the critical density
λc

α. We find that with the existence of a positive density of
base stations, i.e., the density of base stations λβ > 0 which
have the same transmission range as ad hoc nodes, the number
of connected ad hoc nodes is Θ(n) with probability nearly 1,
where n is the number of ad hoc nodes. However, the size of
connected ad hoc component scales linearly with λβ when it is
lower than c1(λα) with probability nearly 1, which demonstrates
a tremendous benefit of using base stations to enhance the
connectivity of ad hoc nodes. Further, we study a hybrid network
architecture that makes a significant connectivity improvement
with transmission range rβ larger than rα for ad hoc nodes.
Therefore, our results provide a theoretical understanding of to
what extent ad hoc nodes can benefit from base stations in multi-
hop wireless networks.

I. INTRODUCTION

Connectivity is an essential issue in multi-hop wireless
networks in that a wireless node must establish a commu-
nication path to other nodes in order to successfully transmit
or receive information. To this end, there have been extensive
studies on the connectivity of wireless ad hoc networks and
sensor networks, in which a large number of wireless nodes,
either mobile or static, communicate with each other in a
multi-hop fashion [1]–[6]. For example, Gupta and Kumar
in [1] provide the critical transmission range for asymptotic
connectivity in a dense network, where n nodes are uniformly
and independently placed in a unit disc. Further, a fundamental
result in continuum percolation theory [7], [8] shows that in an
extended network, where n nodes are randomly deployed in
a square region by use of Poisson distribution with density
λα, there exists a critical value, which is called critical
density λc

α. When node density λα is above λc
α (supercritical),

there exists a unique giant component containing Θ(n) nodes
asymptotically almost surely (a.a.s.); and if λα falls below λc

α

(subcritical), the network will be partitioned into a number of
finite-size connected components almost surely (a.s.).

However, large-scale pure ad hoc networks rarely exist in
real word, because the per-node throughput can diminish to
zero [9]–[11]. The most widely used systems are in fact
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Fig. 1. A hybrid network with 2 base stations and ad hoc nodes.

hybrid networks which include infrastructure nodes in multi-
hop wireless networks, such as sinks in sensor networks and
mesh routers in mesh networks. In recent years, there have
been considerable studies of such networks [12]–[15], which
have mainly focused on the capacity of hybrid networks.
For example, Liu et al. in [12] investigate the capacity of
hybrid networks, in which n ad hoc nodes are uniformly and
independently located in a unit disk, but m base stations are
placed on a regular grid within the area of the network. Their
results show that the benefit of adding base stations on capacity
is insignificant if m grows asymptotically slower than

√
n.

But if m grows asymptotically faster than
√

n, the capacity
increases linearly with the number of base stations, which
provides an effective improvement over pure ad hoc networks.

One interesting problem, yet remains unsolved, is to what
extent the base stations improve the network connectivity, even
though it appears to be intuitive that base stations can surely
improve network connectivity. As an example, Fig. 1 shows
that two connected components of ad hoc nodes, Subnet-A1

and Subnet-A2 with size 6 and 3 respectively, are separate
before two base stations, B1 and B2, are added in the network.
Nevertheless, after B1 and B2 are added, Subnet-A1 and
Subnet-A2 are connected together and thus form a larger
connected component.

Therefore, in this paper, our objective is to study the
connectivity in hybrid networks, and we focus specifically
on the case that ad hoc node density, λα is lower than the
critical density λc

α, under which the connectivity in pure ad
hoc network is “bad”. The challenge for our study is, in
the existing literature, there are rarely analytical results on
the connectivity in such inhomogeneous networks. Hence, our
results can provide a fundamental understanding and analytical
support of the connectivity in hybrid networks.

First, we study a pure ad hoc network which is in subcrit-
ical phase, and examine the upper bound of complementary
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cumulative distribution function (ccdf) of origin stretch, which
is defined as the largest Euclidean distance between the origin
and the nodes in a connected component containing the origin.
Then we use a mapping approach called “box connection
mapping” to obtain the upper bound of ccdf of origin stretch,
and hereby find the value c(λα), by which origin stretch is
bounded with probability nearly 1.

Then we proceed to study a hybrid network H(α, β) in
which the transmission ranges of ad hoc (α-)nodes rα is
normalized to unit 1 and base stations (β-nodes) are mul-
tiples of this unit, denoted by rβ . We prove that when the
Euclidean distance between adjacent base stations is larger
than c2(λα) = c(λα)+1 for rβ = rα = 1, α-nodes connected
“directly” by any two base stations, do not intersect with
probability nearly 1. Here, we say α-nodes are connected
“directly” by a base station “directly”, iff these α-nodes can be
connected by the base station even if we remove all other base
stations. For example, in Fig. 1, the α-nodes in Subnet-A1 are
connected “directly” by B1, but the α-nodes in Subnet-A2 are
not connected “directly” by B1. Based on this result, we find
that with the existence of a positive density of base stations
λβ > 0, the number of connected ad hoc nodes is Θ(n) with
probability nearly 1, where n is the number of ad hoc nodes.
However, the size of connected ad hoc component scales
linearly with λβ that is lower than c1(λα) with probability
nearly 1, which demonstrates a tremendous benefit of using
base stations to enhance the connectivity of ad hoc nodes.

Further, we study a hybrid network architecture which can
utilize large rβ(> 1) to obtain an additional benefit on the
connectivity of ad hoc nodes. Our results indicate that by
increasing rβ from unit to k0c2(λα) (k0 ∈ N), with proper
placement base stations and additional ad hoc nodes in the
network, the connectivity of ad hoc nodes can be significantly
improved, which provide a guideline on design of a new hybrid
network.

The rest of the paper is organized as follows. In Section II,
we introduce network models and formulate the problem. In
Section III, we provide the value c(λα) that origin stretch is
lower than with probability nearly 1 in pure ad hoc networks.
In Section IV, we present theoretical proof of the connectivity
improvement due to base stations, followed by the conclusions
in Section V.

II. NETWORK MODELS AND PROBLEM STATEMENT

A. Hybrid Network Model

There are two types of nodes in the hybrid network H(α, β).
The first set consists of ad hoc nodes which are called α-nodes.
A set of n α-nodes A = {α1, α2, . . . , αn} are randomly
deployed at locations A = {a1, a2, . . . , an} in a square region
D with side length d, by use of Poisson distribution with
density λα. This square region D is also called a continuum
box [8]. Every α-node has the same transmission power and
signal receiving capability, and thus has the same transmission
range denoted as rα. That is, for any two α-nodes αi, αj ∈ A,
there is an undirected link between them iff ‖ai − aj‖ < rα,
where ‖ · ‖ denotes the Euclidean distance. Without loss of
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Fig. 2. The layout of a hybrid network.

generality, we normalize rα to unit throughout the paper. Then
we denote random geometric graph (RGG) G(Hλα

, 1) as the
ensemble of all α-nodes and the links between them. It is well
known from continuum percolation theory [7], [8], that there
exists a critical density 0 < λc

α < ∞ in G(Hλα
, 1) such that:

(1)for λα > λc
α, there exists a unique connected component

containing Θ(n) nodes a.a.s. (supercritical phase); and (2) for
λα < λc

α, the connected components contain a finite number
of nodes a.s. (subcritical phase). Until recently, the exact value
of λc

α is still unknown although some bounds have been given
in the literatures. The analytical bound 0.696 < λc

α < 3.372 is
given in [7], while the simulation bound 1.434 < λc

α < 1.438
is given in [16]. In this paper, we assume the density of α-
nodes, λα, is lower than λc

α.
The second set consists of infrastructure nodes which are

called β-nodes. A set of m β-nodes B = {β1, β2, . . . , βm}
(with density λβ = m

d2 ) are placed regularly at the locations
B = {b1, b2, . . . , bm} ([−d

2 + d
2
√

m
+ d√

m
i,−d

2 + d
2
√

m
+

d√
m

j], 0 ≤ i, j ≤ √
m − 1) in the region D as depicted in

Fig. 2. The β-nodes are connected by high bandwidth wirelines
and act only as relay nodes for routing and forwarding the
packets from and to the α-nodes. We assume that β-nodes, like
base stations, are much more powerful than α-nodes that are
power-constrained [9] and β-nodes have a transmission range
of rβ ≥ rα = 1). That is, for any pair of α-node αi ∈ A and
β-node βj ∈ B, there is an undirected link between them iff
‖ai−bj‖ < rβ . Figs. 3(a) and 3(b) demonstrate an example of
data flow from an α-node αi to a β-node βj in the case rβ = 1
and rβ = 2. In both cases, there exists one α-node, which is
in the transmission range of βj , and can communicate with αi

in a multi-hop fashion. Therefore, the data sent from αi can
reach βj through the relay of α-nodes. As a result, the hybrid
network H(α, β), is defined as the ensemble of all α-nodes,
β-nodes, and links (wireline and wireless) between them.

B. Definitions

Since continuum percolation theory studies the connectivity
properties in homogeneous networks, there is no definition
in the theory for hybrid networks. Therefore, we define β-
component and β-giant component in hybrid network H(α, β)
as follows:

Definition 1 (β-Component): In hybrid network H(α, β),
the β-component denoted by C(α,β) is defined as the connected
component containing all β-nodes, and a subset of α-nodes
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Fig. 3. Data flow from an α-node to a β-node.
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Fig. 4. Origin stretch in pure ad hoc network.

that are connected by the β-nodes. Note that, we assume all
β-nodes are connected via broadband wireline, that is, if a
connected component contains one β-node, it will contain
all β-nodes, of which the number are constant. Thus, we
define β-component size |C(α,β)| as the number of α-nodes
in C(α,β). For example, as depicted in Fig. 1, there are two
β-nodes in hybrid network, connecting two separate subsets
together to form a larger connected component. The connected
component including B1, B2, Subset-A1 and Subset-A2 is the
β-component.

Definition 2 (β-Giant Component): In hybrid network
H(α, β), the β-giant component, is the β-component with
size |C(α,β)| = Θ(n).

Next, we define a new metric origin stretch in pure ad hoc
networks.

Definition 3 (Origin Stretch): Let G(Hλα,0, 1) = G(Hλα
,

1)∪ {0}, and C0 be the connected component in G(Hλα,0, 1)
containing the origin 0. The origin stretch of G(Hλα,0, 1) is
defined as OS(λα) = maxαi∈C0‖αi − 0‖, where ‖αi − 0‖
is the Euclidean distance between αi and the origin 0. For
example, as depicted in Fig. 4, origin stretch OS(λα) is the
Euclidean distance between αi and the origin 0.

C. Problems and Main Results

1) Problem Formulation: Our objective in this paper, is
to study how β-node can improve the connectivity of α-
nodes, and investigate what are steps. Now, we formulate the
problems addressed in this paper.

• First, we start from a special case, that is, α-nodes only
and find the upper bound of origin stretch for any given
α-node density, to understand the coverage of α-nodes.

• Then, we study how to use β-nodes efficiently. From
previous discussions, we have observed that β-nodes can
improve network connectivity. An interesting question is
that how many β-nodes need to be added to a network.

α-node

β-node

βi βj

(a) Insufficient use of β-nodes
α-node

β-node

βi βj

(b) Sufficient use of β-nodes

Fig. 5. Insufficient use vs. sufficient use of β-nodes (rβ = 1).

Similar questions, like the placement of base stations
in sensor networks have been studied in [17], [18].
While this question is beyond the scope of this study,
it is relevant to the evaluation of β-nodes utilization in
network connectivity. For example, in Fig. 5(a), two β-
nodes, βi and βj , are connected through the relay of a
number of α-nodes. Let I be the number of α-nodes
connected “directly” by βi. Here, as we explain in Section
I, α-nodes are connected “directly” by a β-node, iff these
α-nodes can be connected by the β-node even if we
remove all other β-nodes. Similarly, let J be the number
of α-nodes connected “directly” by βj . For the particular
case shown in the figure, we can easily find that I = 9 and
J = 13. However, the total number of α-nodes, which
are connected “directly” by βi and βj , is 13 < I + J . In
Fig. 5(b), βi and βj cannot be connected through the relay
of α-nodes. Then the total number of α-nodes, which
are connected “directly” by βi and βj , is 14 = I + J .
Apparently, in the later case, the two β-nodes are better
used. Thus, in this case, we call the two β-nodes are
sufficiently used. Further, we define all β-nodes in hybrid
network H(α, β) are sufficiently used, iff any two β-
nodes cannot be connected by α-nodes.

• Third, we evaluate the impact of β-nodes on the con-
nectivity in a hybrid network. This problem is two-
fold: the effect of node density λβ and the effect of
transmission range rβ on network connectivity, that is,
the conditions for the existence of β-giant component in
a hybrid network H(α, β).

2) Main Results: In order to answer the first question,
our approach is to find the upper bound of origin stretch,
that is, the value that origin stretch is lower than with
probability nearly 1. Then, we use “box connection mapping”
to investigate the upper bound of complementary cumulative
distribution function (ccdf) of origin stretch in the following
theorem. Based on this result, we will be able to find the
answer regarding the first question.
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(a) Upper bound of the ccdf of
OS(λα) for λα = 0.8
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Fig. 6. Upper bound of origin stretch.

Theorem 1: For a randomly given value L0 ∈ (
√

2,∞), the
probability that the origin stretch OS(λα) is larger than L0

will be upper bounded by the following inequality

Prob(OS(λα) > L0)

< 1 − (1 − (1 − e−λα(2i0+2)d2
l )j0)4·3

(2i0+2)j0−1
.

(1)

in which j0 and i0 can be obtained from Eq. (14) and (15),
and the side length of the discrete lattice dl satisfies

dl =
L0√

((2i0 + 2)j0 + 1
2 )2 + (1

2 )2
. (2)

Remark 1: The above theorem characterizes the upper
bound of the ccdf of origin stretch. We plot the numerical
results in above theorem and show it in Fig. 6(a). In the
numerical computation, we set λα = 0.8, which indicates
λα < λc

α. From the figure, we know the probability that origin
stretch OS(λα) is larger than 15.84, is approximately equal to
0. That means, in the case λα = 0.8, with probability nearly 1,
origin stretch OS(λα) is less or equal to 15.84. Then, from our
definition, 15.84 is the upper bound of origin stretch OS(λα)
for λα = 0.8. In Fig. 6(b), we show the upper bound of origin
stretch for different α-node density. From the figure, we find
that when G(Hλα,0, 1) is in subcritical phase, the upper bound
of origin stretch almost scales linearly with the α-node density.

For the second question, we first denote UOS(λα) as the
upper bound of origin stretch OS(λα), which can be found
by using Theorem 1. Then we have the following result.

Theorem 2: For unit transmission range of β-nodes, i.e.,
rb = 1, if the β-node density satisfies λβ < c1(λα), all m
β-nodes in hybrid network H(α, β) are sufficiently used with
probability nearly 1, where c1(λα) = 1

c2
2(λα)

and c2(λα) =
UOS(λα) + 1.

Remark 2: The above theorem characterizes a sufficient
condition that all β-nodes in hybrid network H(α, β) are
sufficiently used, with probability nearly 1. From the results in
Fig. 6(b), we know that for λα = 1.4 the sufficient condition is
λβ < 2.21×10−3, while for λα = 0.8, the sufficient condition
becomes λβ < 3.53 × 10−3.

As we discuss before, if all β-nodes in hybrid network
H(α, β) are sufficiently used, any two β-nodes in the network
cannot be connected through the relay of α-nodes. Then,
β-component size |C(α,β)| is the summation of the number

of α-nodes, which are connected “directly” by each β-node.
Therefore, from Theorem 2, for unit transmission range of
β-nodes, if the β-node density satisfies λβ < c1(λα), we
can compute β-component size |C(α,β)|, by summing up the
number of α-nodes connected “directly” by each β-node. And
then, we prove if 0 < λβ < c1(λα), β-component size scales
linearly with λβ , as we show in Theorem 3. Our results provide
a fundamental understanding and analytical support of the
connectivity in hybrid networks.

In addition, we investigate the effect of transmission range
rβ on the connectivity of α-nodes in hybrid network H(α, β).
Specifically, we propose a hybrid network architecture, and
study the connectivity improvement in this network. Our
results show that through increasing rβ from unit to k0c2(λα)
(k0 ∈ N), additional benefit on the connectivity of α-nodes
can be obtained. Hence, our results provide a guideline on
design of a new hybrid network, which contains low density
of ad hoc nodes.

III. UPPER BOUND OF ORIGIN STRETCH OS(λα)
As we discuss in Section II-C1, if any two β-nodes in hybrid

network H(α, β) cannot be connected through the relay of
α-nodes, all β-nodes are sufficiently used. To find out the
sufficient condition that all β-nodes are sufficiently used, we
will first explore the upper bound of origin stretch OS(λα)
in G(Hλα,0, 1), to understand the coverage of α-nodes. Here,
the upper bound is from the probabilistic perspective, i.e., the
value that OS(λα) is lower than with probability nearly 1.
In order to find the upper bound of origin stretch OS(λα),
in this section, we will investigate the upper bound of the
complementary cumulative distribution function of OS(λα),
that is, if the probability that OS(λα) is larger than S, is nearly
0, we know that OS(λα) is bounded by S with probability
nearly 1.

Because of the randomness of the node positions in
G(Hλα,0, 1), the shape of the connected component containing
the origin 0 is quite difficult to describe. Thus, it is hard
to derive the upper bound of the complementary cumulative
distribution function of OS(λα) directly in the continuous
two-dimensional plane. Our strategy here, is to first map the
pure ad hoc network onto a discrete lattice.

A. Box-Connection Mapping

In this section, we introduce our mapping approach called
“box-connection mapping”. First, we consider a discrete lattice
L with side length dl. The coordinates of the vertices of L are
(dl × i, dl × j) for (i, j) ∈ Z

2. Then, we construct its dual
lattice L′ by moving L horizontally and vertically by dl

2 , as
depicted in Fig. 7.

Let Sa be the square box centered at vertex a of L. Now, we
consider a randomly chosen path in L with length Ldl, starting
from the origin 0 through v1, v2, . . . , vL−1 to vL. Then we
define the event Eopath that this path is open iff the following
two conditions hold.

1) EA: There is at least one α-node in S0 and one node in
SvL

;
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Fig. 7. The lattice L (real), and its dual L′ (dashed).
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Fig. 8. A single link can go across 5 square boxes at most for dl = 1
2

.

2) EB : Among all α-nodes in S0 and SvL
, there exists at

least one pair of α-nodes, one in S0 and the other in SvL
,

that can be connected by several links. And, these links
are all contained in S0, Sv1 , . . . , SvL

and go through all
these square boxes.

Otherwise, this path is defined to be closed. Fig. 7 gives
an example for an open path in L with length 5dl. The path
begins from 0 to v5. There is one α-node in S0, α0, and
another in Sv5 , αv5 . The two links connecting α0 and αv5

are all contained in S0, Sv1 , . . . , Sv5 and go through all these
6 square boxes. Thus, from the above definition, the path is
open.

B. Upper Bound of Origin Stretch OS(λα)
In this section, we study how to use “box-connection

mapping” to derive the upper bound of origin stretch OS(λα).
First, we will study the relation between the largest number of
square boxes that a single link can go across and the box side
length dl. Here, we only consider dl < 1, to make sure a single
link can go across multiple square boxes. As an example for
illustration, we take dl = 1

2 as depicted in Fig. 8. From the
figure, it is not difficult to find out a single link can go across
at most 5 square boxes. Then, we may ask, for any given dl,
what is the largest number of square boxes that a single link
can go across? Based on this question, we give the following
lemma.

Lemma 1: If dl satisfies

1√
(i + 1)2 + i2

< dl <
1√

i2 + i2
, i ∈ N. (3)

a single link can go across at most (2i + 3) square boxes.
Proof: We first define the coordinates of square boxes in L′.

The square box containing the origin 0 is assigned coordinate
(0, 0). Then the box at the right side of box (0, 0) is assigned

coordinate (1, 0), and the box at the right side of box (1, 0)
is assigned coordinate (2, 0), and so on. Similarly, the square
box below box (0, 0) is assigned coordinate (0, 1), and the
box below box (0, 1) is assigned coordinate (0, 2), and so on.
From this definition, we know if a single link reaches box
(m,n) (without loss of generality, we assume m ≥ n), it can
go across (m + n + 1) square boxes. Thus, the problem of
finding the largest number of square boxes a single link can
go across, is switched to the problem of finding the maximum
of (m + n + 1) under the constraint that box (m,n) has non-
empty intersection with the disk centered at 0′ with radius
1. That is, this problem can be described as the following
constrained optimization problem.

max
i,j∈N

m + n + 1 (4)

subject to
√

((m − 1)dl)
2 + ((n − 1)dl)

2
< 1 (5)

If the condition (3) holds, the above optimization problem
can be solved as: when m = i+1, n = i+1 or m = i+2, n =
i, then m + n + 1 reaches its maximum value 2i + 3. �

Lemma 1 provides the largest number of square boxes that a
single link can go across, if the side length dl satisfies Eq. (3).
Based on this result, we have the following lemma.

Lemma 2: If the side length of each square box dl satisfies
Eq. (3), the probability P(2i+2)j that there exists an open path
in L with length (2i + 2)jdl (i, j ∈ N) will satisfy

P(2i+2)j < 1 − (1 − (1 − e−λα(2i+2)d2
l )j)4·3

(2i+2)j−1
. (6)

Proof: For a randomly chosen open path in L with length
(2i + 2)jdl, from Lemma 1, there exists at least one α-node
in every (2i + 2) consecutive square boxes. Let P ′ be the
probability that there exists at least one α-node in (2i + 2)
consecutive square boxes, and P ′′ be the probability that a
randomly chosen path in L with length (2i + 2)jdl is open.
Then, we have

P ′′ < (P ′)j . (7)

We denote θ(k) (k ∈ N) as the number of paths starting
from 0 with length kdl. Further, let P(2i+2)j be the probability
that there exists an open path in L with length (2i + 2)jdl,
and P(2i+2)j be the probability that any open path in L with
length (2i+2)jdl is closed. Using FKG’s inequality [7], [19],
we know P(2i+2)j will satisfy the following condition.

P(2i+2)j ≥ (1 − P ′′)θ((2i+2)j). (8)

Based on the relation P(2i+2)j = 1 − P(2i+2)j , we have

P(2i+2)j ≤ 1 − (1 − P ′′)θ((2i+2)j). (9)

We know θ(k) < 4 · 3k−1 from many literatures (e.g., [7]).
And, since the α-nodes obey Poisson point process, we can
easily know P ′ = 1 − e−λα(2i+2)d2

l . Hence, Eq. (9) further
satisfy

P(2i+2)j < 1 − (1 − (1 − e−λα(2i+2)d2
l )j)4·3

(2i+2)j−1
. (10)

�
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Lemma 2 provides the upper bound of the probability of
existence of open path with a given length. From this result,
we can derive the upper bound of the ccdf of graph stretch
OS(λα) by the following theorem.

Lemma 3: If the side length of lattice L dl satis-
fies Eq. (3), the probability that OS(λα) is larger than√(

(2i + 2)j + 1
2

)2 +
(

1
2

)2
dl (i, j ∈ N) will satisfy

Prob

(
OS(λα) >

√
((2i + 2)j +

1
2
)2 + (

1
2
)2dl

)
< 1 − (1 − (1 − e−λα(2i+2)d2

l )j+1)4·3
(2i+2)j−1

.

(11)

Proof: We assume the length of the open path in L is (2i+
2)jdl. If the coordinate of the square box containing the end
point of the open path is (m′, n′) (without loss of generality,
we assume m′ ≥ n′). It is obvious that the largest Euclidean
distance between the origin 0 and the possible α-node in this

box will be less or equal to
√

(m′ + 1
2 )2 + (n′ + 1

2 )2dl. Then

we maximize
√

(m′ + 1
2 )2 + (n′ + 1

2 )2 for m′, n′ ∈ N under
the constraint m′ + n′ ≤ (2i + 2)j, and solve problem as:

when m′ = (2i + 2)j and n′ = 0,
√

(m′ + 1
2 )2 + (n′ + 1

2 )2

reaches its maximum value
√(

(2i + 2)j + 1
2

)2 +
(

1
2

)2
.

Subsequently, we define two events as follows.

1) E′
A: There exists an open path in L with length (2i +

2)jdl;
2) E′

B : The origin stretch OS(λα) is larger than√
((2i + 2)j + 1

2 )2 + (1
2 )2dl.

Using Law of Total Probability, we have Prob(E′
A) =

Prob(E′
A|E′

B) · Prob(E′
B) + Prob(E′

A|E′
B) · Prob(E′

B) ≥
Prob(E′

A|E′
B) · Prob(E′

B). Since when OS(λα) is larger than√
((2i + 2)j + 1

2 )2 + (1
2 )2dl, there must exist an open path

in L with length (2i + 2)jdl, we have Prob(E′
A|E′

B) =
1, and thus further obtain Prob(E′

A) ≥ Prob(E′
B). From

Lemma 2, we know Prob(E′
A) < 1 − (1 − (1 −

e−λα(2i+2)d2
l )j+1)4·3

(2i+2)j−1
. Then, we prove the lemma. �

To simplify the long expression, we introduce a new term

c(i, j) denoted as c(i, j) =
√(

(2i + 2)j + 1
2

)2 +
(

1
2

)2
. From

Lemma 3, for a given dl satisfying Eq. (3), we can only find the
upper bound of the probability that OS(λα) is larger than the
discrete values c(i, j)dl (i, j ∈ N). Then, we will ask, for any
given value L0, what is the upper bound of Prob(OS(λα) >
L0)? Then, we will investigate if we can find appropriate dl,
i0 and j0, such that dl satisfies Eq. (3) and L0 = c(i0, j0)dl.
If this is feasible, we can directly use Eq. (11) to obtain the
upper bound of Prob(OS(λα) > L0).

Notice that when dl satisfies Eq. (3), the following condition
holds: c(i,j)√

(i+1)2+i2
< c(i, j)dl < c(i,j)√

i2+i2
. Then, we have the

following lemma.
Lemma 4: The union of all such intervals

( c(i,j)√
(i+1)2+i2

, c(i,j)√
i2+i2

) (i, j ∈ N) is (
√

2,∞), i.e.,⋃
i,j∈N

( c(i,j)√
(i+1)2+i2

, c(i,j)√
i2+i2

) = (
√

2,∞).

Proof: To prove the lemma, we first let j fixed and in-
vestigate

⋃
i∈N

( c(i,j)√
(i+1)2+i2

, c(i,j)√
i2+i2

). To find this result, we

then consider the union of two following consecutive intervals:
( c(i,j)√

(i+1)2+i2
, c(i,j)√

i2+i2
) and ( c(i+1,j)√

(i+2)2+(i+1)2
, c(i+1,j)√

(i+1)2+(i+1)2
).

It is easy to prove the union of above two consecutive
intervals is ( c(i+1,j)√

(i+2)2+(i+1)2
, c(i,j)√

i2+i2
). From this result, we

know

⋃
i∈N

(
c(i, j)√

(i + 1)2 + i2
,

c(i, j)√
i2 + i2

) = (
√

2j,

√
8j2 + 2j +

1
4
).

(12)
Then, we consider the union of two following con-

secutive intervals: (
√

2j,
√

8j2 + 2j + 1
4 ) and (

√
2(j + 1),√

8(j + 1)2 + 2(j + 1) + 1
4 ). Following the similar steps as

above, we can prove⋃
j∈N

(√
2j,

√
8j2 + 2j +

1
4

)
=
(√

2,∞
)

. (13)

�
Lemma 4 validates that for any value L0 ∈ (

√
2,∞), we

can find appropriate dl, i0 and j0, such that dl satisfies Eq. (3)
and L0 = c(i0, j0)dl. In order to find the upper bound of the
ccdf of origin stretch OS(λα), we will investigate how to find
the appropriate dl, i0 and j0 to satisfy the above condition.

Lemma 5: For any given value L0 ∈ (
√

2,∞), we can find
the appropriate j0, i0 and dl by the following equations, such
that dl satisfies Eq. (3) and L0 = c(i0, j0)dl.

j0 = ceil(
L0√

2
) − 1. (14)

where ceil(X) rounds X towards positive infinity;

i0 = floor(
−L2

0 + 4j2
0 + j0 +

√
Δ

2L2
0 − 4j2

0

) + 1. (15)

where Δ = −L4
0+(4j2

0 +2j0+1)L2
0−j2

0 and floor(X) rounds
X towards negative infinity; and

dl =
L0

c(i0, j0)
. (16)

Proof: We start from finding the appropriate j0. From
the proof of Lemma 4, we know for any given value
L0 ∈ (

√
2,∞), there must exist j̃ ∈ N such that L0 ∈

(
√

2j̃,
√

8j̃2 + 2j̃ + 1
4 ). Then, it is not difficult to find that

j0 = ceil( L0√
2
) − 1 satisfies this condition.

Then we will locate the appropriate i0 such that

c(i0, j0)√
(i0 + 1)2 + i20

< L0 <
c(i0, j0)√

i20 + i20
. (17)

From Eq. (17), we can find Eq. (15) is a solution of i0.
Apparently, for the j0 and i0 obtained from Eq. (14) and (15),
dl = L0

c(i0,j0)
will satisfy Eq. (3). �

Lemma 5 provides an approach to find appropriate ap-
propriate dl, i0 and j0, such that dl satisfies Eq. (3) and
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L0 = c(i0, j0)dl. After combining the results in Lemma 3,
4 and 5, we obtain a main result of this section illustrated in
Theorem 1.

IV. HOW DO β-NODES IMPROVE THE CONNECTIVITY OF

α-NODES?

In this section, we will study how β-nodes improve the
connectivity of α-nodes. First, we consider unity transmission
range of β-nodes, i.e., rβ = 1. From the results in Section
III, we investigate the sufficient condition that all β-nodes in
hybrid network H(α, β) are sufficiently used with probability
nearly 1. Then, under the condition that all β-nodes in hybrid
network H(α, β) are sufficiently used, β-component size is the
summation of the number of α-nodes, which are connected by
each β-node “directly”. Based on this study, we provide the
impact of β-nodes density on the connectivity of α-nodes,
that is, how β-component size scales with the β-node density
λβ . Further, we will explore how β-nodes transmission range,
rβ affect the connectivity of α-nodes. Specifically, we study
a hybrid network architecture which can utilize large rβ to
obtain additional benefit on the connectivity of α-nodes.

A. Sufficient Conditions for Sufficient Use of β-Nodes

As we defined in Section II-C1, all β-nodes in hybrid
network H(α, β) are sufficiently used iff any two β-nodes
cannot be connected through the relay of β-nodes. Here,
we consider unity β-nodes transmission range and derive the
sufficient conditions for sufficient use of β-nodes.

Proof of Theorem 2: As we define before, UOS(λα) is
the upper bound of origin stretch OS(λα). From Section III,
we know the event Ebound that α-nodes connected by a β-
node βi “directly”, is bounded within the disk centered at
βi with radius UOS(λα) happens with probability nearly 1.
Then, under the condition that event Ebound happens, if the
Euclidean distance between the adjacent β-nodes is larger than
UOS(λα) + 1, all β-nodes in hybrid network H(α, β) are
sufficiently used. Otherwise, if two adjacent β-nodes βi and
βj can be connected through the relay of α-nodes, there must
exists one α-node αs that is within the unit disk centered at βj

and can be connected by βi through the relay of α-nodes. This
is equivalent to say, αs is not within the disk centered at βi

with radius UOS(λα), and thus contradicts with the condition
that event Ebound happens. Then from d√

m
> UOS(λα) + 1,

we know λβ = m
d2 < 1

(UOS(λα)+1)2 . �

B. Impact of β-Nodes Density, λβ

In this part, we consider the case that all β-nodes in
hybrid network H(α, β) are sufficiently used. If we ignore
the wireline connection between the β-nodes, each connected
component containing a β-node is an independent connected
component, which can be viewed as C0 in G(Hλα,0, 1).
Then in hybrid network H(α, β), β-component size is the
summation of the number of α-nodes connected by each β-
node “directly”. In other word, let ki (i ∈ {1, 2, · · · ,m}) be
the number of α-nodes that are connected by βi “directly”.
Then in hybrid network H(α, β), β-component size is equal

to |C(α,β)| = Σm
i=1ki. As the β-node density λβ increases, β-

component size will become larger. Then, how does |C(α,β)|
scale with λβ? To answer this question, we first give the
following lemma.

Lemma 6: Let |C0| be the number of α-nodes in C0 of
G(Hλα,0, 1). When G(Hλα,0, 1) is in subcritical phase, the
mean of |C0|: E(|C0|), and the variance of |C0|: Var(|C0|), are
both finite.

Proof: From Theorem 9.7 in [8], when G(Hλα,0, 1) is in
subcritical phase, there exist constants μ > 0, g0 > 0 such
that Prob(|C0| ≥ g) ≤ e−μg when g ≥ g0. Hence, we have
E(|C0|) = Σ∞

g=1g · Prob(|C0| = g) = Σg0
g=1g · Prob(|C0| =

g) + Σ∞
g=g0

g · Prob(|C0| = g) ≤ Σg0
g=1g · Prob(|C0| =

g)+Σ∞
g=g0

g ·e−μg , and E(|C0|2) = Σ∞
g=1g

2 ·Prob(|C0| = g) ≤
Σg0

g=1g
2 ·Prob(|C0| = g)+Σ∞

g=g0
g2 ·e−μg . Using the ratio test

criteria, we know both Σ∞
g=g0

g · e−μg and Σ∞
g=g0

g2 · e−μg

converge. Thus, both E(|C0|) and E(|C0|2) are finite, and
further Var(|C0|) = E(|C0|2) − E2(|C0|) is finite. �

Based on the results in Lemma 6, we will investigate the
variance of the independent and identically distributed (i.i.d.)
random variable ki. In fact, ki is 1 less than |C0|, since |C0|
accounts the origin 0 as an α-node. Thus, it is easy to know
both the mean of ki and the variance of ki are also finite,
with E(ki) = E(|C0|) − 1 and Var(ki) = Var(|C0|). Then, let
η(λα) = E(ki) be the mean of ki for a given λα, i.e., η(λα) =
E(|C0|) − 1. Then, we will have the following theorem.

Theorem 3: With a density of 0 < λβ < c1(λα) β-nodes
in hybrid network H(α, β), β-giant component will emerge
with probability nearly 1. And, β-giant component size scales
linearly with λβ as |C(α,β)| = η(λα)n

λα
λβ + o(n).

Proof: From Theorem 2, when λβ < c1(λα), all β-nodes
in the hybrid network are sufficiently used with probability
nearly 1. Then, as we discuss before, if all β-nodes in
the hybrid network are sufficiently used, β-component size
can be computed by |C(α,β)| = Σm

i=1ki, in which ki (i ∈
{1, 2, · · · ,m}) are i.i.d. random variables with finite mean
η(λα) and finite variance. When λβ > 0, m → ∞, using the
Weak Law of Large Numbers [20], we know |C(α,β)| converges
to mη(λα) ± o(m) almost surely. Since m = λβd2 = λβn

λα
,

we have |C(α,β)| = η(λα)n
λα

λβ + o(n) = Θ(n), which indicates
β-giant component emerges. �

Theorem 3 indicates that β-component size scales linearly
with λβ with probability nearly 1, when 0 < λβ < c1(λα).
Further, the result in Theorem 3 also shows that with a density
of λβ (0 < λβ < λc

α−λα) β-nodes in hybrid network, β-giant
component, which contains Θ(n) α-nodes, will emerge with
probability nearly 1. Thus, adding base stations in the pure ad
hoc network will bring tremendous benefit on the connectivity
of α-nodes.

C. Impact of β-Nodes Transmission Range, rβ

As the transmission range of β-nodes, rβ increases from
unit, more α-nodes will be inside the disk centered at a single
β-node with radius rβ , that is, a single β-node can connect
together more connected component of α-nodes, which are
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Fig. 9. βi stretch and βj stretch in hybrid network.
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Fig. 10. The upper bound of BSi(λα).

separate without the help of β-nodes. In this section, we will
study the impact of rβ on the connectivity of α-nodes. First,
we give a new definition as follows.

Definition 4 (βi Stretch): In hybrid network H(α, β), let
C(α,βi) be the connected component containing βi, and a
subset of α-nodes that are connected by βi “directly”. βi

stretch is defined as BSi(λα) = maxαj∈C(α,βi)
‖αj − βi‖. For

example, as depicted in Fig. 9, βi stretch is the Euclidean
distance between αp and βi, and βj stretch is the Euclidean
distance between αq and βj .

Further, let UBSi(λα) be the upper bound of BSi(λα). This
definition of upper bound is also from the probabilistic per-
spective as before, i.e. BSi(λα) < UBSi

(λα) with probability
nearly 1. Then, we have the following theorem.

Lemma 7: In hybrid network H(α, β) for rβ > 1, if the β-
node density satisfies λβ < c3(λα), all β-nodes in the network
are sufficiently used with probability nearly 1, where c3(λα) =

1
(rβ+c2(λα))2 .

Proof: This proof is very similar to the proof in Theorem
2. When the Euclidean distance between the adjacent β-
nodes is large than UBSi

(λα) + 1, all β-nodes in hybrid
network H(α, β) are sufficiently used. From Fig. 10, it is
easy to know UBSi

(λα) < rβ + UOS(λα) with probability
nearly 1. Therefore, when λβ < 1

(rβ+UOS(λα)+1)2 , we have
λβ < 1

(UBSi
(λα)+1)2 , which indicates all β-nodes in the

network are sufficiently used. �
Lemma 7 provides the sufficient condition that all β-

nodes in hybrid network H(α, β) are sufficiently used with
probability nearly 1, for the case rβ > 1. Then, in order to
utilize the larger β-node transmission range rβ , we propose a
new hybrid network architecture below.

First, we let rβ = k0c2(λα) (k0 ∈ N). From Lemma 7, when
β-node density satisfies λβ < c1(λα)

(k0+1)2 , all β-nodes in hybrid
network H(α, β) are sufficiently used with probability nearly
1. Then, a number of additional α-nodes are placed at some
specific locations on circles Circ(βi, kc2(λα)) centered at βi

α-node

β-node

βi

αa1

αa2

αa3αa4

αa5

αa6

Fig. 11. The locations of additional α-nodes (k0 = 1).

(i ∈ {1, 2, · · · ,m}) with radius kc2(λα) (k ∈ {1, 2, · · · , k0}).
The locations of the additional α-nodes are described as
follows: For given i and k, let αa1, αa2, · · · , αaq be all
additional α-nodes located on Circ(βi, kc2(λα)). Without loss
of generality, we assume αa1, αa2, · · · , αaq are in clockwise
direction. Then the location of αaj (j ∈ {1, 2, · · · , q}) is at the
intersection of Circ(βi, kc2(λα)) and Circ(αa(j−1), c2(λα)).
For example, for k0 = 1, i.e., rβ = c2(λα), as depicted
in Fig. 11, six additional α-nodes αa1, αa2, · · · , αa6 are
placed on the circle Circ(βi, c2(λα)). The locations of αaj

(j ∈ {1, 2, · · · , 6}) is at the intersection of Circ(βi, c2(λα))
and Circ(αa(j−1), c2(λα)).

This hybrid network architecture is different from the pre-
vious one, because that a subset of α-nodes in the network are
deployed at deterministic locations to improve the connectivity
of other α-nodes. Therefore, we denote this hybrid network
as H(α, β), and then define a new metric β-α-component as
follows.

Definition 5 (β-α-Component): In hybrid network H(α,
β), the β-α-component denoted by C(α,β) is defined as the
connected component containing all β-nodes, all additional
α-nodes, and a subset of other α-nodes that are connected by
the β-nodes and additional α-nodes. Similar to the definition
of β-component size, β-α-component size |C(α,β)| is defined
as the number of α-nodes, which are contained by C(α,β) but
not the additional α-nodes.

Then, we have the following theorem illustrating the benefit
on connectivity of α-nodes by using this hybrid network
architecture.

Theorem 4: In hybrid network H(α, β), when β-node den-
sity satisfies λ̃β < c1(λα)

(k0+1)2 , with a density of Δλα = (K0 −
1)λ̃β additional α-nodes at the specific locations described
above, β-α-component size satisfies |C(α,β)| > K0

η(λα)n
λα

λ̃β

with probability nearly 1. Here, K0 = 1 + floor( 2π
arccos( 1

2 )
) +

· · · + floor( 2π

arccos(
2k2

0−1

2k2
0

)
).

Proof: For k0 = 1, as depicted in Fig. 11, we denote
(ki)1, (ki)2, · · · , (ki)6 respectively as the number of α-nodes
connected by each additional α-node “directly”. Further, let
(ki)7 be the number of α-nodes connected by βi “directly”
when rβ = 1. From our discussion in Section IV-B, (ki)j

(j ∈ {1, 2, · · · , 7}) are i.i.d. random variables with finite
mean η(λα) and finite variance. Obviously, in hybrid network
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Fig. 12. The factor K0
(k0+1)2

for different k0.

H(α, β), the number of α-nodes connected by βi and addi-
tional six α-nodes “directly”, is larger than Σ7

j=1(ki)j . From
the Weak Law of Large Numbers [20], β-α-component size
|C(α,β)| is larger than 7mη(λα) ± o(m) almost surely.

Then we consider the general case for rβ = k0c2(λα).
Following the same logic as above, it is not difficult to
know β-α-component size |C(α,β)| is larger than K0mη(λα)±
o(m) almost surely, where K0 = 1 + floor( 2π

arccos( 1
2 )

) +
· · ·+ floor( 2π

arccos(
2k2

0−1

2k2
0

)
). Then, β-α-component size satisfies

|C(α,β)| ≥ K0
η(λα)n

λα
λ̃β . At this time, λ̃β < c1(λα)

(k0+1)2 and

Δλα = (K0 − 1)λ̃β . �
We plot the factor K0

(k0+1)2 in Fig. 12. As we can see
from the figure, when k0 increases from 1 to 40, the factor

K0
(k0+1)2 increases from 1.5 to 3.05. From Theorem 4, we

know λ̃β + Δλα = K0λ̃β < K0
(k0+1)2 c1(λα), and |C(α,β)| ≥

K0
η(λα)n

λα
λ̃β = η(λα)n

λα
(λ̃β +Δλα). Compared with the result

in Section IV-B, |C(α,β)| = η(λα)n
λα

λβ when λβ < c1(λα),
we find that through increasing rβ from unit to k0c2(λα)
(k0 ∈ N), we enlarge the linear scale region from (0, c1(λα))
to (0, K0

(k0+1)2 c1(λα)), while decrease the required β-node
density, and thus obtain additional benefit on the connectivity
of α-nodes. This result provides a guideline on constructing
the hybrid network architecture. Further, from Fig. 12, as
k0 increases, the factor K0

(k0+1)2 increases slower. Taking k0

near 10 would be an optimal choice, though we still need to
consider the receiver complexity and the transmission power
etc. of the base stations. Therefore, the result also provides us
with a reference on how to choose the value of rβ .

V. CONCLUSIONS

In this paper, we have studied how base stations in large-
scale hybrid network improve the connectivity of ad hoc
nodes in subcritical phase. This problem is two-fold: the effect
of base station density λβ and the effect of base station
transmission range rβ on network connectivity. For rβ is unit,
through investigating the upper bound of origin stretch in
pure ad hoc networks, we find the sufficient condition, i.e.,
λβ < c1(λα), that any two base stations cannot be connected
through the relay of ad hoc nodes with probability nearly 1.
Based on this result, we find that under 0 < λβ < c1(λα),
the number of connected ad hoc nodes is Θ(n) and scales

linearly with λβ with probability nearly 1, which demonstrates
a tremendous benefit of using base stations to enhance the con-
nectivity of ad hoc nodes. Further, we study a hybrid network
architecture which can utilize large base station transmission
range rβ , to obtain an additional benefit on the connectivity
of ad hoc nodes. The work in this paper provides fundamental
understanding of the connectivity in hybrid networks, and also
a provide guidelines on design of a new hybrid network that
contains low density of ad hoc nodes.
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